We study the cluster automorphism group of a skew-symmetric cluster algebra with geometric coefficients. For this, we introduce the notion of gluing free cluster algebra, and show that under a weak condition the cluster automorphism group of a gluing free cluster algebra is a subgroup of the cluster automorphism group of its principal part cluster algebra (i.e. the corresponding cluster algebra without coefficients). We show that several classes of cluster algebras with coefficients are gluing free, for example, cluster algebras with principal coefficients, cluster algebras with universal geometric coefficients, and cluster algebras from surfaces (except a 4-gon) with coefficients from boundaries. Moreover, except four kinds of surfaces, the cluster automorphism group of a cluster algebra from a surface with coefficients from boundaries is isomorphic to the cluster automorphism group of its principal part cluster algebra; for a cluster algebra with principal coefficients, its cluster automorphism group is isomorphic to the automorphism group of its initial quiver.
Introduction
After introduced by Sergey Fomin and Andrei Zelevinsky in [FZ02] , cluster algebras have been showed to be linked to various areas of mathematics, see for examples, [GLS08, F10, L10, R10, K12, M14] , and so on. However, as an algebra itself with combinatorical structure, it is natural and interesting to study the symmetries of a cluster algebra. For this, Assem, Schiffler and Shramchenko [ASS12] introduced cluster automorphisms and the cluster automorphism group of a cluster algebra without coefficients. These concepts and some similar ones are studied in many papers [S10, ASS12, BQ12, ASS13, BD13, KP13, N13, Z06] . In this paper, we initial the study of the cluster automorphism group of a cluster algebra with coefficients. We are interested in the dependence of the cluster automorphism group on the choice of coefficients. We are also interested in the relations between the cluster automorphism groups of different cluster algebras.
We consider in this paper the skew-symmetric cluster algebras of geometric type, that is, the cluster algebras determined by ice quivers without loops nor 2-cycles. An ice quiver is an oriented diagram Q associated a subset F = {n + 1, n + 2, · · ·, n + m} (the set of frozen vertices) of its vertex set Q 0 = {1, 2, · · ·, n + m}. The full subquiver of Q with vertex set Q 0 \ F (the set of exchangeable vertices) is called the principal part of Q, and we denote it by Q ex . By associating each vertex 1 i n + m of Q an indeterminate element x i , we have a set x = {x 1 , x 2 , · · ·, x n+m }, which is called a cluster. Then the cluster algebra A Q is a Z−subalgebra of the rational function field F = Q(x 1 , · · ·, x n+m ) generated by variables in clusters obtained by iterated operations so called mutations from the initial cluster x. The variables labeled by frozen vertices are the coefficients of A Q . The cluster algebra A Q ex is called the principal part cluster algebra of A Q , it is a coefficient free cluster algebra.
A cluster automorphism of A Q is an algebra automorphism which maps the initial cluster x to a cluster and commutes with the mutation. An easy observation is that the group Aut(A Q ) depends on the choice of coefficients. To describe this more precisely, we classify the coefficients of A Q by considering the relations of frozen vertices in Q with respect to the exchangeable vertices. Let j and k be two frozen vertices, if the number of arrows from j to i (or from i to j) is equal to the number of arrows from k to i (or from i to k) for any exchangeable vertex i, then we say that these two vertices j and k are strictly glueable (Definition 3.1). It is not hard to see that exchanging the coefficients x j and x k induces a cluster automorphism of A Q (see Proposition 2.5). The cluster algebra A Q is called gluing free if there exist no frozen vertices are strictly glueable in Q (see Definition 3.7). Then we prove that for a gluing free cluster algebra A Q with at least two exchangeable vertices in Q, the group Aut(A Q ) is a subgroup of Aut(A Q ex ) (see Theorem 3.16).
To prove Theorem 3.16, we consider the exchange graph E Q of A Q , which is a n-regular connected graph whose vertices are clusters and whose edges are labeled by mutations. We introduce the automorphism group Aut(E Q ) of E Q which consisting of automorphisms as a graph 2 . Then by using the fact that E Q is independent on the choice of coefficients [CKLP13] , we prove Theorem 3.16 by viewing Aut(A Q ) and Aut(A Q ex ) as subgroups of Aut(E Q ).
In this paper, three kinds of cluster algebras are of particular importance. The first one is the universal geometric cluster algebra (Definition 2.7), which is slightly different from the initial universal cluster algebra introduced in [FZ07] . It is a universal object, in the view point of coefficient specialization, in the set of cluster algebras with the same principal part. The second one is the cluster algebra arising from an oriented marked Reimman surface with boundary [FST08] . The another kind is a cluster algebra with principal coefficients. We show that a cluster algebra with universal geometric coefficients, a cluster algebra (with coefficients) from a surface (except a 4-gon), and a cluster algebra with principal coefficients are gluing free in Proposition 3.9, Proposition 3.10, and Proposition 3.8 respectively. Thus by Theorem 3.16, the automorphism groups of these cluster algebras are all the subgroups of the corresponding principal part cluster algebras.
Generally, for a gluing free cluster algebra A Q , Aut(A Q ) may be a proper subgroup of Aut(A Q ex ) (see Example 7). But for the cluster algebras from oriented marked Riemann surfaces, these two groups are isomorphic with each other (Theorem 3.18). For a cluster algebra with principal coefficients, the cluster automorphism group is isomorphic to the automorphism group of the initial quiver (Theorem 3.19).
As showed in Example 7, for an universal geometric cluster algebra A univ with principal part A, Aut(A univ ) may be a proper subgroup of Aut(A). However, we prove in the subsequent paper [CZ15a] that Aut(A univ ) is always isomorphic to Aut(A), if A is a cluster algebra of finite type and A univ is the FZ-universal cluster algebra introduced in [FZ07] . Generally, Aut(A Q ) may be a proper subgroup of Aut(E Q ), even though A Q is coefficient free. In the subsequent paper [CZ15b] we prove that for a coefficient free cluster algebra A Q , the two groups Aut(A Q ) and Aut(E Q ) are isomorphic, if A is of finite type, excepting types of rank two and type F 4 , or A is of skew-symmetric finite mutation type, that is, a cluster algebra with only finite quivers up to isomorphisms.
The paper is organized as follows. In section 2, we recall some basic notions on cluster algebras, especially cluster automorphisms, coefficient specializations and cluster algebras arising from surfaces. In subsection 3.1 we define the notion of gluing free cluster algebra and prove some properties. We introduce and consider the automorphism group of an exchange graph in subsection 3.2. Finally, in subsection 3.3 we prove some main results.
Preliminaries

Cluster algebras
We recall that a quiver is a quadruple (Q 0 , Q 1 , s, t) consisting of a set of vertices Q 0 , of a set of arrows Q 1 , and of two maps s, t which map each arrow α ∈ Q 1 to its source s(α) and its target t(α), respectively. An ice quiver is a quiver Q associated a subset F (the set of frozen vertices) of Q 0 . The full subquiver Q ex of Q with vertex set Q 0 \ F (the set of exchangeable vertices) is called the principal part of Q. The opposite quiver of Q is a quiver Q op obtained from Q by reversing all the arrows. We always assume in this paper that there are no loops nor 2-cycles in an ice quiver, and no arrows between frozen vertices. We also assume that an ice quiver and its principal part are connected. For two ice quivers Q and Q ′ , an isomorphism σ from Q to Q ′ is a bijection from Q 0 to Q ′ 0 , which maps exchangeable vertices (and frozen vertices) to exchangeable ones (and frozen ones), such that the number of arrows from a vertex i to a vertex j in Q 0 is equal to the number of arrows from σ(i) to σ( j) in Q ′ 0 , we write Q Q ′ to quivers which are isomorphic with each other. Then for a quiver Q, all of its automorphisms consist a group Aut(Q), we call it the automorphism group of Q.
Let n + m = |Q 0 | be the number of vertices in Q, and denote the vertices by Q 0 = {1, 2, · · ·, n + m} and the frozen vertices by F = {n + 1, n + 2, · · ·, n + m}. We associate an extended skew-symmetric matrix B = (b ji ) (n+m)×n to Q, where
if there exist arrows from j to i in Q ; −♯{α : i → j in Q} if there exist arrows from i to j in Q ; 0 if there exist no arrows between i and j in Q .
We call B the exchange matrix of Q, its upper n × n part the principal part of B and its lower m × n part the frozen part of B. Let i be an exchangeable vertex of Q, we define a mutation of Q and a mutation of B as follows.
Definition 2.1. [FZ02] (a) The mutation of Q at i is an ice quiver
-inserting a new arrow γ : j → k for each path j
-inverting all arrows passing through i;
-removing the arrows in a maximal set of pairwise disjoint 2-cycles;
-removing the arrows between frozen vertices.
(b) The mutation of B at i is a matrix
Then these two kinds of mutations correspond with each other, that is, µ i (B) is the exchange matrix of µ i (Q). We always write µ i (Q) to µ i (Q, F) for brevity. By associating each vertex 1 i n + m in Q 0 an indeterminate element x i , we have a set x = {x 1 , x 2 , · · ·, x n+m }. We call Σ = (Q, x) a seed, x a cluster and an element in x a cluster variable.
Definition 2.2. [FZ02] Let i be an exchangeable vertex of Q, the mutation of the seed
We call (1) the exchange relation of the mutation, and call
and p
the coefficients of the exchange relation.
It is easy to check that a seed mutation is an involution, that is µ i µ i (Σ) = Σ.
Definition 2.3. [FZ02] Denote by X the union of all possible clusters obtained from x by iterated mutations. The cluster algebra A Q is a Z−subalgebra of the rational function field F = Q(x 1 , · · ·, x n+m ) generated by cluster variables in X .
We call the variables in fx = {x n+1 , . . . , x n+m } the frozen cluster variables of A Q , and call the rest variables in X the exchangeable cluster variables of A Q . Then in a seed (Q,x),x =ẽx ⊔ fx, whereẽx is the set of exchangeable cluster variables. Let P be the coefficient group of A Q , which is a multiplicative free abelian group generated by elements in fx. We call the elements in P the coefficients of A Q . We denote by A Q [P −1 ] the localization of A Q at P, which is called the localized cluster algebra of A Q . Note that A Q [P −1 ] is the initial definition of the geometric cluster algebras given in [FZ02] . A sequence (y 1 , · · · , y l ) is called (Q, x)-admissible if y 1 is exchangeable in x and y i is exchangeable in µ y i−1 • · · · • µ y 1 (x) for every 2 i l. A rooted cluster algebra associated to A Q is a triple (Q, x, A Q ) [ADS14] . We call the pair (Q, x) the initial seed and x the initial cluster. We strictly distinguish the cluster algebras and the rooted cluster algebras in the rest of the paper. It has been shown in [GSV08] that a clusterx determines the quiverQ, and we denote its quiver by Q(x) and write p x to the vertex ofQ labeled by a variable x inx.
Cluster automorphisms
Let (Q, x, A Q ) and (Q ′ , x ′ , A Q ′ ) be two rooted cluster algebras, where x = ex ⊔ fx and 
Proof. Since Q and its principal part are both connected, the proofs are similar to the proofs of Lemma 2.3 and Proposition 2.4 in [ASS12] . Lemma 2.6. We call a cluster automorphism of A Q which maps Q to a quiver isomorphic to Q a direct cluster automorphism, then all the direct cluster automorphisms consist a normal subgroup Aut + (A Q ) of Aut(A) with the index at most two.
Proof. By using above proposition, the proof is similar to the proof of Lemma 2.9 in [ASS12] .
Coefficient specializations
The cluster algebra with universal coefficients is defined in [FZ07] , we state its definition in our settings, that is, the universal geometric cluster algebra. 
for any 1 i n and any admissible sequence ̟, we say that both ϕ : P ′ → P ′′ and ϕ :
We call A Q univ a universal geometric cluster algebra of RCA(Q), if for any rooted cluster algebra
Remark 2.8. Since the cluster algebras we considered are geometric ones, the universal geometric cluster algebra is different from the initial cluster algebra with universal coefficients given in [FZ02] . Some deformed universal geometric cluster algebras and their existences have been considered in a series of papers [R12, R14a, R14b] .
The following is an equivalent characterization of coefficient specializations. 
It follows from [FZ07] that a cluster algebra with universal coefficients (if there exists one) is unique. In our settings, we have the following more specific characterization for the uniqueness of the universal geometric cluster algebras.
two rooted cluster algebras in RCA(Q) with
A Q ′ and A Q ′′ the universal geometric cluster algebras. We denote by B = (b ji ) n×n the exchange matrix corresponding to Q, and by Proof. Let P ′ and P ′′ be the coefficient groups of A Q ′ and A Q ′′ respectively. Since A Q ′ and A Q ′′ are both universal geometric cluster algebras with the same principal part, there are two coefficient specializations ϕ : P ′ → P ′′ and ψ : P ′′ → P ′ . Then the composition ψϕ is a coefficient specialization from P ′ to itself and thus ψϕ is the identity. Since P ′ and P ′′ are both free abelian groups, they have the same rank, thus m ′ = m ′′ . We assume that
for any 1 j m ′ , where each a jk is an integer number. Then we have a matrix A = (a jk ) which is invertible since ϕ is an isomorphism. For any 1 i n, we consider the exchange relations
Thus we have
and finally
Therefore we have A t B ′ = B ′′ . By induction, we can prove the general case A t µ ̟ (B ′ ) = µ ̟ (B ′′ ) for any admissible sequence ̟.
The existence of universal geometric cluster algebras is not clearly at all. A cluster algebra of finite type with universal coefficients is given in [FZ02] . It is a geometric cluster algebra, and its frozen rows are given by g-vectors of the corresponding cluster algebra with principal coefficients, we call it FZ-universal cluster algebra. 
Example 1. We consider the FZ-universal cluster algebra
                                        
Cluster algebras from surfaces
Following [FST08] , we recall oriented marked Riemann surfaces and the cluster algebras arising from surfaces. An oriented marked Riemann surface (or surface for brevity) is a pair (S , M), where S is a connected oriented Riemann surface with boundary and M is a finite set of marked points on S . The marked points in the interior of S are called punctures. We assume that S is not closed and there is at least one marked point on each connected component of the boundary. We always assume that, for some technical reasons, (S , M) is none of a disc with one, two or three marked points on the boundary; or a once-punctured disc with one marked point on the boundary.
Two curves in (S , M) are the same if they are isotopic with respect to marked points. Two curves γ and γ ′ are compatible if there are representatives of γ and γ ′ which do not intersect in S \ M. An arc is a non-contracted curve, with endpoints in M which are the only possible selfintersection points. An arc is a boundary arc if it is isotopic to a boundary component with respect to marked points, otherwise it is an internal arc. An ideal triangulation of (S , M) is a maximal collection of compatible internal arcs. An ideal triangulation of (S , M) with boundary [ST09, ADS14] is a maximal collection of compatible arcs (which contains the boundary arcs). The arcs of the triangulation cut the surface into triangles (which may be self-folded). Given an ideal triangulation T without self-folded triangles (see Section 4 in [FST08] for the general case), we associate to it a quiver Q T as follows.
(a) the vertices in Q T are the arcs in T ; (b) if two arcs γ and γ ′ are both sides of a triangle and γ ′ follows γ in the positive direction, then add an arrow from γ to γ ′ ;
(c) deleting all the 2-cycles.
For the corresponding ideal triangulation T b with boundary, we associate to it an ice quiver Q T b in a similar way (we delete the arrows between boundary arcs), where the frozen vertices are the boundary arcs. Then Q T is the principal part of Q T b . We associate cluster algebras A Q T and A Q T b to Q T and Q T b respectively. It is proved in [FST08] that the cluster algebras A Q T and A Q T b are independent on the choice of the triangulations. We call them the cluster algebras of (S , M), without boundary and with boundary respectively, and denote them by A(S , M) and A b (S , M) respectively. We obtain a new triangulation by flipping an ideal triangulation without self-folded triangles, where the flip of the triangulation corresponds to the mutation of the quiver. To flip an ideal triangulation at the internal arc of a self-folded triangle, Fomin, Shapiro and Thurston [FST08] introduced the tagged triangulation by adding tags 0 or 1 on the punctures. These triangulations one-to-one correspond to the clusters of A Q T and induce one-to-one correspondences from the tagged arcs to the cluster variables. It is showed in [FST08] that any ideal triangulation, except for a triangulation of a 4-punctured sphere (which is closed and thus eliminated in our assumptions of the surfaces), can be obtained by gluing the puzzle pieces in Figure 1 along the matched sides (see Section 4 of [FST08] for details). The following lemma is useful in the paper.
• For a surface (S , M), the marked mapping class group describes the symmetries of the surface S with respect to the marked points and the tags of the punctures. We recall its definition from [ASS12] . We denote by Homeo + (S , M) the group of orientation-preserving homeomorphisms from S to S that fix M setwise, and Homeo 0 (S , M) the subgroup of Homeo + (S , M) which consisting of homeomorphisms that are isotopic to the identity relative to M. Then the mapping class group MG(S , M) is defined as the quotient
Note that the group MG(S , M) acts on the set of ideal triangulations in the natrual way. Let Z be the power set of the set of punctures of (S , M). A homeomorphism in Homeo + (S , M) acts on Z pointwise. The set Z is a group with respect to the operation ⊖ : P 1 ⊖ P 2 = (P 1 ∪ P 2 ) \ (P 1 ∩ P 2 ). We define the marked mapping class group MG ⊲⊳ (S , M) of the surface (S , M) to be the semidirect product
where the group operation is given by (f 1 , P 1 )(f 2 , P 2 ) = (f 1f2 , P 1 ⊖ f 1 (P 2 )) for any P 1 , P 2 in Z and any f 1 , f 2 in Homeo + (S , M). This group acts on the set of tagged triangulations of (S , M), with the Z part acting by simultaneously changing the tags of the arcs attached to the punctures.
On the one hand, since the orientation-preserving homeomorphism of (S , M) and the changing of tags maintain the combinatorics of the tagged triangulations, an element in MG ⊲⊳ (S , M) induces a direct cluster automorphism of the associating cluster algebra A(S , M) (see section 4.4 in [ASS12] for more details). On the other hand, a direct cluster automorphism in Aut + (A(S , M) ) induces an isomorphism between the quivers of two tagged triangulations of (S , M), and it is proved in [BS13] (Subsection 8.7) that except some special cases, the two tagged triangulations differ by an element in the marked mapping class group MG ⊲⊳ (S , M). Thus the marked mapping class group MG ⊲⊳ (S , M) and the direct automorphism group Aut + (A(S , M) ) are isomorphic. More precisely, we have the following result:
Let (S , M) be a surface satisfies the following Assumption 1: Suppose that (S , M) is not one of the following surfaces (a) a once-punctured disc with two or four marked points on the boundary; (b) a twice-punctured disc with two marked points on the boundary; (c) a closed surface (which we have eliminated in the initial assumption of the surfaces).
Then the marked mapping class group MG ⊲⊳ (S , M) is isomorphic to the direct automorphism group Aut + (A(S , M)) (see also in [BQ12] ).
Cluster automorphism groups and coefficients
We study in this section the influence of coefficients on cluster automorphism groups.
Gluing free cluster algebras
In this subsection, we fix (Q, x, A Q ) a rooted cluster algebra with exchange matrix B = (b ji ) (m+n)×n . Proof. We prove this by several steps:
Step 1. We construct the needed prime gluing free quiver Q pg f (write as Q for simplicity) from Q. The principal part of Q is the same as the principal part of Q. There are s frozen vertices { j 1 , · · · , j s } in Q, which is the set of representatives of the sets of glueable vertices in Q. We define the associating matrix B = (b ji ) (n+s)×n of Q as follows. For each frozen vertex j k , 1 k s, let n j k,l in Z + , 1 l s k , be the greatest common divisor of {b j k,l i , 1 i n}. Then we have
for any 1 k s and any 1 i n. Note that b j k i is independent on the choice of l. In fact, all of the order sets {
}, 1 l s k , are the same, since all of vertices j k,l , 1 l s k are glueable with each other. Then by the construction, Q is prime gluing free.
Step 2. To show that ϕ : P → P gives a coefficient specialization, by lemma 2.9, we only need to prove the equalities
for any exchangeable vertex i and admissible sequence ̟.
For the case ̟ = 0, p
, we have equalities: 
Similarly, we have ϕ(p
For any frozen vertex j k in Q,
Therefore from the construction of the prime gluing free quiver, we have (
. Finally, we prove the equalities 3 by inductions.
Step 3. Since P pg f and P are both free abelian groups, from the construction of the coefficient specialization ϕ, it is not hard to see that ϕ is injective. The injectivity of ϕ yields that there are no more coefficients in A Q pg f , excepting the ones j 1 , · · · , j s , this guarantees the uniqueness of (Q pg f , x pg f , A Q pg f ).
Remark 3.4. (a) It is not hard to see that ϕ not only maps
, but also induces an injective algebra homomorphism from A Q pg f to A Q , which maps exchangeable cluster variables to exchangeable ones. We call Q pg f the prime gluing free quiver of Q and (Q pg f , x pg f , A Q pg f ) the prime gluing free rooted cluster algebra of (Q, x, A Q ). Note that the gluing equivalent relation gives rise to an equivalent relation on ice quivers (thus on rooted cluster algebras). By this equivalent relation, we separate ice quivers (rooted cluster algebras respectively) to gluing equivalent classes, which consist of the gluing equivalent ice quivers (gluing equivalent rooted cluster algebras respectively). Each equivalent class is uniquely determined by a prime gluing free ice quiver. This prime gluing free ice quiver is a universal element in the sense of that there is a coefficient specialization from this quiver to any quiver in the equivalent class.
(b) We consider the disjoint collection of sets
Lemma 3.6. Let Q be an ice quiver and Q be its prime gluing free quiver (or gluing free quiver). Proof. Part (a) follows from
Step 2 in the proof of above theorem that the construction of a prime gluing free quiver (or gluing free quiver) commutates with the quiver mutation. Part (b) follows from (a) and the uniqueness of a prime gluing free quiver (or gluing free quiver respectively).
Definition 3.7. We say a cluster algebra A prime gluing free (gluing free respectively), if there is a rooted cluster algebra (Q, x, A) of A such that Q is prime gluing free ( gluing free respectively).
Then it follows from Lemma 3.6 that a cluster algebra is prime gluing free (gluing free respectively), if and only if all of its exchange quivers are prime gluing free (gluing free respectively). We define A Q constructed in Theorem 3.3 (Remark 3.4(b) respectively) as the prime gluing free (gluing free respectively) cluster algebra of A Q .
Let B n×n be an skew-symmetric square matrix, we call a cluster algebra A pr with the initial matrix B pr = B I n a cluster algebra with principal coefficients, where I n is an identity matrix.
Proposition 3.8. Any cluster algebra with principal coefficients is prime gluing free.
Proof. This is clearly.
Proposition 3.9. Any universal geometric cluster algebra is prime gluing free.
Proof. Let (Q, x, A Q ) be a rooted cluster algebra such that A Q is a universal geometric cluster algebra with coefficient group P. Denote by B = (b ji ) (m+n)×n the matrix associated to Q. To show that A Q is prime gluing free, it is sufficient to show that Q is prime gluing free.
Firstly, we show that all the vertices in Q are prime. Suppose that a frozen vertex j 1 of Q is not prime. Denote by q = g.c.d(b j 1 1 , · · · , b j 1 n ) ∈ Z + the greatest common divisor of the integers in j 1 row of B. Let B be the matrix obtained from B by replacing the elements b j 1 i by b j 1 i q for any 1 i n. Denote by Q the ice quiver associated to B. Then we have a rooted cluster algebra (Q, x, A Q ) in RCA(Q ex ), and we denote its coefficient group by P. Define a group homomorphism ϕ : P → P such that ϕ(x j 1 ) = x j 1 q and ϕ(x j ) = x j for the other frozen variables x j in x. Then it is not hard to see that ϕ is a coefficient specialization. On the one hand, since a composition of any two coefficient specialization is also a coefficient specialization, A Q is a universal geometric cluster algebra with principal part Q ex . By the uniqueness of the coefficient specialization, ϕ is the only coefficient specialization from P to P, but note that the matrix of ϕ is not invertible. This contradicts the uniqueness of the universal geometric cluster algebra.
Secondly, we show that Q is strictly gluing free. Suppose that Q is not strictly gluing free, since Q is prime, this means that there exist two strictly glueable frozen vertices j 1 and j 2 in Q. We define ϕ as a map from P to P with ϕ(x j 1 ) = x j 2 , ϕ(x j 2 ) = x j 1 and ϕ(x j k ) = x j k for the other frozen variables in x. Then ϕ induces a group homomorphism from P to P and in fact a coefficient specialization, which is different from the identity coefficient specialization. This contradicts the uniqueness of the coefficient specialization. Thus Q is gluing free, and we are done.
Proposition 3.10. Let (S , M) be an oriented marked Riemann surface. Assume that (S , M) is not a 4-gon. Then the cluster algebras A b (S , M) associated to (S , M) with coefficients is prime gluing free.
Proof. To prove that A b (S , M) is prime gluing free, we only need to find a prime gluing free quiver of A b (S , M). Assume that T is an ideal triangulation without self-floded triangles, Lemma 2.11 makes sense the assumption. Let T b be the corresponding triangulation with boundary. Denote by Q b the quiver of T b . We unify the arcs in T b with the vertices in Q b . Firstly, since each boundary is contained in a single triangle, there is at most one arrow between its corresponding vertex and any exchangeable vertex. Thus in Q b , each frozen vertex is prime. Secondly, we prove that A b (S , M) is gluing free. Since there are no self-floded triangles in T , the type I triangle in Figure 1 is the only possible puzzle piece of T b . Let j be a frozen vertex in Q b , assume that j is adjacent to an exchangeable vertex i. Without loss of generality, we assume that they are in the following triangles, where the orientation is clockwise. Then there is an arrow from j to i. If there exists a frozen vertex k glueable with j, then by the orientation of the surface, it must be in the following position. We claim that the vertex ac must be frozen. In fact, if ac is exchangeable, then there is an arrow from ac to j. Since j and k are glueable, there is an arrow from ac to k. Thus ac and k must be in a triangle of T b , which is depicted as ∆acd in the picture. Therefore k is an exchangeable vertex, and we have a contradiction. Similarly, bd is also a frozen vertex. Thus (S , M) is a 4-gon, a contradiction to the assumption. Therefore A b (S , M) is gluing free. We are done. Theorem 3.11. Let (Q, x, A Q ) be a rooted cluster algebra and (Q, x, A Q ) be its gluing free rooted cluster algebra. 
Proof. We use the notations in the Remark 3.4 (b). Let φ : A Q → A Q be a cluster automorphism of A Q . Then it induces a bijection from x to µ ̟ (x) for some admissible sequence ̟, and a permutation σ on the vertex set Q 0 of Q such that φ(x i ) = µ ̟ (x σ(i) ) for any x i ∈ x. And σ induces a permutation σ ′ on the frozen vertices of Q. Since φ is an automorphism, σ ′ maps strictly glueable vertices to the strictly glueable ones. Thus σ ′ induces a permutation on the par-
Since ϕ is a cluster automorphism of A Q , by Proposition 2.5 (a), it maps Q to an ice quiver which is isomorphic to itself or to an opposite quiver. Therefore by using Proposition 2.5 (a) again, Lemma 3.6(b) shows that φ ′ induces a cluster automorphism φ ′′ of A Q . We define (φ ′′ , σ 1 , · · · , σ s ) as an element Aut(A Q ) × S t 1 × · · · × S t s . Then it is not hard to see that Φ : φ → (φ ′′ , σ 1 , · · · , σ s ) is an injective group homomorphism. The second group homomorphism follows from the first one and Lemma 3.6(b). is neither isomorphic to Q nor to Q op . Thus φ is not an image of Φ.
Exchange graphs
Recall from [FZ02] and [FZ07] that for a cluster algebra A Q , where Q is an ice quiver with n exchangeable vertices, the exchange graph E Q of A Q is a n-regular graph whose vertices are the seeds of A Q and two vertices are connected by an edge labeled by x i , 1 i n, if and only if the corresponding seeds are adjacent in direction x i . In our settings, the clusters determine the quivers, thus the vertices of E Q are in fact the clusters of A Q . It is proved in [CKLP13] (Theorem 4.6) that E Q only depends on the principal part Q ex , that is, there is an isomorphism from E Q to E Q ex . The correspondence on the vertices is given by the specialization S E : for each vertex x on E Q , S E (x) is obtained from x by specializing any frozen variable in the exchangeable variables to integer 1, and forgetting the frozen part of x.
Now we introduce the following notion:
Definition 3.13. Figure 2 , where the vertex O represents the seed (Q, {x 1 , x 2 , x 3 }). Note that there are three quadrilaterals and six pentagons in E Q . Since an automorphism of a graph maps vertices to vertices, edges to edges and thus faces to faces, it is not hard to see that the automorphism group Aut(E Q ) is generated by τ and σ showed in Figure 2 . The automorphism τ is given by the dashed lines , maps red edges to red ones and maps green edges to green ones. The automorphism σ is the reflection along the central axis. Note that the order of τ is 6, the order of σ is 2 and the only relation which they satisfy is στ = τ 5 σ. Thus Aut(E Q ) is isomorphic to the dihedral group D 6 . Theorem 3.14. Let Q be an ice quiver with at least two exchangeable vertices. 
(a) If Q is gluing free, then the cluster automorphism group Aut(A Q ) is a subgroup of Aut(E Q
).
(b) If Q is not gluing free, denoted by
Proof. (a) Let f be an automorphism of A Q , then Proposition 2.5(3) yields that f gives rise to a map f ′ from the vertices of E Q to the vertices of E Q . In fact f ′ is a bijection since f is an automorphism. For any vertex x and its adjacent vertex
Therefore the vertices f ′ (x) and f ′ (x ′ ) are adjacent in E Q . We have proved that f ′ is an automorphism of E Q , and it is not hard to see that this yields a group homomorphism from Aut(
The automorphisms of exchange graph of type A 3
to Aut(E Q ). For the injectivity, if f ′ is an identity on E Q , then f fix any cluster, and it is not hard to see that it fix any exchangeable variable. On the other hand, since Q is gluing free and Q has at least two exchangeable vertices, any permutation of frozen variables does not induce an automorphism of A Q . Thus f fixes any cluster variables, and it is an identity on A Q . Therefore Aut(A Q ) is a subgroup of Aut(E Q ).
(b) Let Q be the gluing free quiver of Q, then it is gluing free. • • 
On the other hand, Aut(
Example 5. We consider the cluster algebra of type A 3 with initial seed (Q, {x 1 , x 2 , x 3 }), where Q is 1 / / 2 / / 3 . As showed in Example 3, Aut(E Q ) is isomorphic to the dihedral group D 6 generated by τ and σ. Here τ induces a bijection on the cluster variables of A Q , and we also denote it by τ. In fact τ is a cluster automorphism which is induced by the AR-translation on the cluster category of the algebra kQ (see Section 3 of [ASS12] for more details), it is given by: 
The exchange graph of A Q ′ is depicted in Figure 3 , which is isomorphic to the one in Figure 2 .
An automorphism in Aut(
shows that there are two seeds satisfy the above property:
Then the automorphisms of A Q ′ is showed in Figure 3 (compare with Figure 2) , where τ and σ are algebra homomorphisms determined by:
and σ :
Figure 3: The automorphisms of a cluster algebra of type A 3 with a coefficient 
Main results
Proof. (a) We define a group homomorphism S A from Aut(A Q ′ ) to Aut(A Q ), and prove the following diagram of group homomorphisms commutes :
where i and i ′ are injections by Theorem 3.14(a), and S E is the isomorphism given in subsection 3.2. Then the morphism i
We consider the rooted cluster algebra (Q ′ , x ′ , A Q ′ ) and the rooted cluster algebra (Q, x, A Q ).
Assume that x = {x 1 , x 2 , · · ·, x n } and x ′ = {x 1 , x 2 , · · ·, x n , x n+1 , · · ·, x n+m }, where x n+1 , · · ·, x n+m are frozen variables of A Q ′ . Define Φ : A Q ′ → A Q as the specialization, that is, specializing frozen variables in A Q ′ to the integer 1. It is clearly that Φ(x ′ ) = x ⊔ {1}. It is proved in
is a ring homomorphism. To prove that S A ( f ) is an cluster automorphism on A Q , we show that it satisfies the conditions in Proposition 2.5(2). This easily follows from that f is a cluster automorphism. Moreover, it is not hard to see that S A is a group homomorphism. Finally, the above diagram is commutative since S E and S A are both defined by specializations. Proof. It is prove in Proposition 3.8 and Proposition 3.9 that these two kinds of cluster algebras are prime gluing free, and thus gluing free. Then the result follows from above theorem. For a gluing free cluster algebra, its cluster automorphism group may be a proper subgroup of the cluster automorphism group of its principal part cluster algebra (see Example 6 and Example 7). We show in the following theorem that for most cluster algebras associated to surfaces, the coefficients do not affect the cluster automorphism groups. Proof. For the surface satisfies the Assumption 1, its marked mapping class group MG ⊲⊳ (S , M) are isomorphic to the direct cluster automorphism group Aut + (A(S , M) ). On the one hand, it follows from Proposition 3.10 and Theorem 3.16 that Aut + (A b (S , M) ) is a subgroup of Aut + (A(S , M) ), and thus a subgroup of MG ⊲⊳ (S , M). On the other hand, it is clearly that an element in the marked mapping class group MG ⊲⊳ (S , M) maps the boundaries to the boundaries and maintains the combinatorics of the tagged triangulations with boundaries. Thus it not only induces a cluster automorphism of A(S , M), but also induces a cluster automorphism of A b (S , M). Therefore the three groups Aut + (A(S , M) S , M) ) is also 2. On the other hand, there is an isomorphism Aut + (A(S , M) ) Aut + (A b (S , M) ) from the first step, and Aut (A b (S , M) ) is a subgroup of Aut (A(S , M) ) by Theorem 3.16. Thus we have an isomorphism between Aut (A(S , M) ) and Aut (A b (S , M) 
